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Study Problem



Study Problem

Cauchy-type singular integral equation

> Consider the problem of solving the singular integral equation given by

1d 1@5(5)
) = <x<
de<0 ¢ ng 1, 0<x<1,

subject to the boundary conditions

£(0) = 5 (1) = 0 and 4(0) = 0.

> We want to solve (1) subject to (2a-c) both analytically and numerically.
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(2a-c)



Study Problem

We approached the solution of this problem in 4 ways:

> Analytical Solution
» Approximate Analytical Solution
Using Chebyshev polynomials
» Finite Difference Method
Using central difference approximation

> Integral Approximation Approach
Used the left-end point rule for the integral
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Analytical Solution



Analytical Solution

» Integrating our problem w.r.t x we obtain the following characteristic integral
equation

’
][ ('02(5)35 =7Xx+ A
0 _

» Using the standard inversion formula from [1] we obtain the inverse of (3) as

][ VEI =) e 4 Aae.

C
v (e R (e

» We solved the integral on the LHS of (3) using (4) to obtaln

o(x)=Csin"'(2x — 1) — <)2(—|—1+:)\/x(1 —Xx)+B.

» We then used the conditions in (2a-c) to solve for the constants.
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Analytical Solution [}
> Solving for the constants we obtained
3r 3

» The analytical solution is therefore

o(x) = —gsin_1(2x —1)— (X - 3> x(1=x)+ = (7)



Approximate Analytical Solution



Approximate Analytical Solution

» In this section solve equation (1) using Chebyshev’s polynomials.

> First we transform equation (1) by letting,
o(x) =H(y) where y=2x-1.

» This gives us

d ' H, T
o], os%) =5

subjectto H(—1) = 38”, H(1) =0and H,(—1) = 0.
» For mathematical convenience we let ¢(s) = Hs(s) and thus

d( 1<b()a,) m

dy\Jys—y ) &
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Approximate Analytical Solution
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> Let the unknown function ¢ in (10) be approximated by the polynomial function ¢,(x)

n
én(x) = w(x) > BiTi(x), (11)
i=0
where g;,i = 0,1,2,3, ..., nare unknown coefficients, w(x) is the weight function
w(x) = 1 (12)
V1= x2’

and the Chebyshev polynomialis T; = cos[i cos ' (x)].



Approximate Analytical Solution

This gives us

(Z/(gﬁi’w(}’» = %,

where

' w(s)Ti(s) 1 Ti(s)
H = 7d = / !
W) /_1 s—y T aVioRsy)
Let Xk be a zero of the Chebyshev polynomials of the 27 kind
' ~ sin(icos™" (X))
Uii(x) = sin(cos~1 (X))
then,

Xk = COS(I,+1>.
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Approximate Analytical Solution
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From [2] we know that

TS,
[ e LI 17)

Therefore we get

;/(iﬁiUm(}’)) = % (18)
i—0

Setting n = 5 we get,

;,[61 + 2By + Ba(4y® — 1) + Ba(8y® — 4y + Bs(16y* — 12y +1))|.  (19)



Approximate Analytical Solution
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Equating the coefficients by their powers we found 8> = % and 83 = 84 = 5 = 0.

Thus for n = 5, we have

1

) = [P+ Ay + 5@ - 1] = K

Integrating (20) w.r.t y we obtain

_ 2
H(y) = Bosin™" () - y(18y) ~/1-y2iC

(20)

(21)
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Approximate Analytical Solution
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Using the boundary conditions we obtain the rest of the constants, C = %r, Bo = —%
and 81 = —%. Thus we have,
3. y(1—y?) 1 , , 3
H(y)——85m (y) — 8 +4\/1—y +16' (22)
Substituting back (8) and rearranging the result we obtain,
3 . 1 X 3 37
p(x) = —gsin”"(2x 1) - (5—2) (T =) + & (23)

which is the same as the analytical solution.
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Approximate Analytical Solution

It should be noted that the approximate analytical solution is equal to the analytical
solution when the forcing function is linear.

j (02
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Finite Difference Method



Finite Difference Method
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We partition the interval of integration[0,1] into n equally spaced subintervals [¢;, &, 1] of

length h=1,where0 < i< n-—1.

Let P(x) be

then (1) becomes
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Finite Difference Method

Using the central finite difference approximation on (25) we get,
P.i1—-P. 1
£:7I+2 12:71" 1§/§n—1
d¢ é@uiJr% - 5,-,%

where Pii% and §,-i% are respectively given by

;
p . _ [ we&de
2 ]{) §_ é,'i%
gfi% : n2

j (.=

(26)
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Finite Difference Method

j (.=

Assuming that the slope is constant in each subinterval and approximating y¢(&) using
forward difference, we obtain

n—1 ) o it
. Pj+1 — @j ][’+ 1
P.,.i= R AL dt. 29

Substituting (29) into (26), we obtain

n—1 n—1

d¢

=
(30)

Y1 — ¢ S Pit1 — ¢ Set 1
0 (5,‘4_% - gi_%)(éj-H - fj)]éj §— f,q_% < jz_; (é,'_;_% - §,'_%)(fj+1 - g])]é §— 5,'_%
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Finite Difference Method

Integrating the integral terms we get

&1 §ir1 = &t
]Z j+ 1 d§ In ] it5
§ f_fii; fj_fii%
Substituting (31), (30) becomes
n—1
T
> (i1 — @p)mij = et
j=0
where & 12 — &i_1/2 = §jy1 — = 1/nand
. o . 2
mi; = In (2j—-2i+1)

(2j—2i+3)(2j—2i—1)|

j (.=

(31)
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Finite Difference Method

» Expanding the summation in (32) and evaluating the resulting equations at
i=1,2,...,n— 1 generates a system of n — 1 linear equations in n — 1 unknowns
since ¢(Xg) = o is known and ¢, = 0 according to (2a) and (2b).

» Imposing the boundary condition ¢x(x) = 0, another unknown can be determined
to get n — 1 systemin n — 2 unknowns.

> Asaresult, any n — 2 is therefore sufficient to determine the remaining unknowns.

j (.2
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Finite Difference Method
12[ n= 50 12[ n= 100
X 0.6 §06
(a)n=>5 (b) n =50 (c)n=100

Figure 1: Graph of o(x) plotted against x for (a) n = 5, (b) n = 50 and (c) n = 100, using the
conventional finite difference approach.
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Integral Approximation Approach



Integral Approximation Approach [}
In this section we are solving the integral in (1) using a simple approximation method.
We divide the interval into equal subintervals and apply an integration rule into each
subinterval. Using the left-end point rule we have,
it
L en = it 0 34

Now we implement this technique on our problem. The expression given in (24) can be
written as,

1 =1 g
p [ pel)dg _ " oeed)
e /0 = Z/gj e 3 (35)

2
J=0
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Integral Approximation Approach

With the left-end point rule, we have

S+t 805 ee(€) Rt — )
Z/ dg Zhf i Ok erwe

which implies that
n—1
Pj+1 — Pj
P.i= —“T 7,
i+3 = E _ gi:l:%
Substituting (37) into (25) we get

— 801+1 B 901+1 80/
5] €I+* é‘j 51_5 n

j=0

j (.=

(36)
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Integral Approximation Approach 8
which can be expressed as, 1
:z:;(@jﬂ —p)fij = 277;12’ (39)
where
= 1 1 (40)

2j—2i—1 2j—2i+1

For any choice of n and assuming we know g and ¢x(0), equation (39) will resultin a
system of n — 1 equations and n — 2 unknowns. We will then have a over-determined
system and any combination of n — 1equations can be used to solve forthe n — 2
unknowns.
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Integral Approximation Approach

o

n=5 n= 50 n= 100
pT — B -8- Numerical 12g -B- Numerical 12g -8~ Numerical
\\“E —=— Analytical —=— Analytical —— Analytical
1.0 . 1.0
0.8 0.8
x x
s 0.6 = 0.6
0.4 0.4
0.2 0.2
0.0 0.2 : o0 0.2 0.4 0.6 0.8 1.0
x x x
(a)n=>5 (b) n =50 (c)n=100

Figure 2: Graph of o(x) plotted against x for (a) n = 5, (b) n = 50 and (c) n = 100, using the

integral approximation approach.



Conclusion
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» The two numerical methods performed well in approximating the analytical solution,
we unfortunately could not compare the methods using the errors to see which one is
is better at approximating the analytical solution.

» There are other more robust numerical methods that could be used such as the linear
spline method to solve the given problem.
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